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Abstract
In economics we often take as primitive a collection of preference orderings
(on actions or alternatives) indexed by a parameter. Moreover, it is often use-
ful to represent such preferences with a collection of utility functions that are
continuous in the parameter. Existing representation theorems assume that
the topology on the parameter space is metrizable. This excludes settings
where the topology is coarse e.g. the weak˚ topology on a set of probability
measures or the product topology on many function spaces. Yet such spaces
are often normal (disjoint closed sets can be separated). We introduce an
axiom on preferences for parametric continuity when actions are countable
and the parameter space is normal. Utility is jointly continuous on actions
ˆ parameters when actions have the discrete topology.
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1. Introduction
A (topological) space is metrizable if there exists a metric such that 1. ev-
ery open ball of the metric is also open in the space and 2. every open set in
the space can be written as a union of open balls of the metric. For instance,
a discrete space (where every subset is open) is metrizable via the metric that
assigns distance one to pairs of distinct points and distance zero otherwise.
In the present article, we are interested in utility representations of pref-
erence orderings that depend on a parameter. In particular, we identify the
class of preferences that have a utility representation that is continuous in
the parameter even when the parameter space is nonmetrizable. This feature
distinguishes the present results from similar results (Hildenbrand [8], Mas-
Colell [13], Levin [12]) where metrizability is a key assumption.
Our results are intended for settings where the topology is too coarse to
support a continuous metric (a failure of property 1 of metrizable spaces).
This distinguishes the present results from the recent work of Caterino et al.
[2, Theorem 4.1] where the parameter space is allowed to be submetrizable.
A submetrizable space accommodates failures of property 2 by assuming the
topology can be coarsened (by excluding open sets) in such a way that a
metrizable space obtains.
In economics, the standard cause for a parameter space to be nonmetriz-
able is a failure of property 1. The most common example is that of the
product topology on a Cartesian product of uncountably many factors. Such
parameter spaces arise: in the setting of Bayesian games where the univer-
sal type space is formalised (Mertens & Zamir [15], Dekel et al. [3]; in the
general equilibrium with infinite-dimensional commodity spaces (Mas-Colell
& Zame [14]); and in settings with continuous time stochastic processes. A
simple example of a nonmetrizable is the following.
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Example 1. For some uncountable set S, let Θ “ t0, 1uS be endowed with
the product topology. Then the basic open sets in Θ are cylinder sets G “Ś
sPS Gs with all but finitely many factors Gs “ t0, 1u. Let d be a metric
on Θ. Then for any ζ P Θ, the singleton set tζu is the intersection over the
collection of balls tθ : dpθ, ζq ă 1{nu such that n “ 1, 2, . . . . This implies that
these balls are finer than cylinder sets, for the intersection of any countable
collection of cylinder sets has uncountably many factors equal to t0, 1u. Thus,
d is necessarily a discontinuous metric on Θ (with the product topology).
The issue raised by example 1 is particularly relevant when preferences
over actions are indexed by parameters. That is when preferences are de-
scribed by a family of binary relations (over actions) that vary over the
parameter space. An extension of example 1 exposes the problem.
Example 1 (continued). Suppose there are just two actions a and b. More-
over, suppose that b is strictly preferred to a on the open set of parameters θ
such that θ ‰ ζ and that a is indiﬀerent to b at ζ. Now such preferences are
seemingly innocuous since b is weakly preferred to a at each θ P Θ. Indeed it
is trivial to find a family of utility functions that represents such preferences:
let the utility of a be normalised to zero for every θ P Θ and let the utility
of b equal to one for θ ‰ ζ and zero otherwise. Clearly, as a function on
Θ, the utility of b is discontinuous. Indeed, similar to the way every met-
ric on Θ is discontinuous, every utility representation of such preferences is
discontinuous in the parameter.
Many theoretical results rely on parametric continuity of the utility rep-
resentation. For instance, this is a necessary requirement for the envelope
theorems of Milgrom & Segal [17], where, similar to the present article, the
main results do not require that actions form a topological space.
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This brings us to the primary motivation for the present article. Although
there is no hope for parametric continuity of utility for the preferences of ex-
ample 1, this is no justification for avoiding nonmetrizable spaces altogether.
Indeed there is a host of perfectly reasonable preferences, indexed by the
parameter space of example 1, that have a parametrically continuous utility
representation. And yet the preferences of example 1 are also reasonable.
Our goal therefore is to identify conditions, both on the parameter space
and on preferences, that distinguish those preferences that possess a paramet-
rically continuous representation and those which do not. The basic results
in this respect are theorem 1 and proposition 1. These results reveal how far,
beyond metrizability of the parameter space, we may go without strengthen-
ing a standard axiom for continuity. Pairwise stability requires that the set
of parameters such that one action is strictly preferred to another is open.
Pairwise stability is standard in the sense that, when actions form a
discrete space, it is equivalent to the more commonly encountered closed
graph axiom we define on page 9. The closed graph axiom has a long history
in the literature that derives a utility representation that is jointly continuous
on the product of actions and parameters (Hildenbrand [8], Mas-Colell [13],
Levin [12], Caterino et al. [2]).
Theorem 1 holds for parameter spaces that are perfectly normal. Whilst
the space of example 1 is normal (disjoint closed sets can be separated) it
is not perfect (because it contains closed sets that cannot be written as a
countable intersection of open sets). Proposition 1 shows that every param-
eter space that is not perfectly normal supports preferences that, like those
of example 1, have no continuous representation. We therefore strengthen
pairwise stability to perfect pairwise stability : the set of parameters such that
one action is strictly preferred to another is not only open, it is also the union
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of a countable collection of closed sets. Perfect pairwise stability rules out
preferences such as those of example 1. One motivation for this exclusion is
that such preferences can never be identified by asking a countable number of
questions about preferences on the closure of basic sets (cylinder sets in that
case) such that strict preference for action b over action a holds uniformly.
Our main theorem then holds for a parameter space that is normal. To-
gether with a standard ordering axiom, perfect pairwise stability is shown
to be necessary and suﬃcient for a utility representation that is continuous
in the parameter. Here are the key steps to proving that our axioms are
suﬃcient for the desired representation.
First, perfect pairwise stability ensures that each pair of distinct actions
determines a continuous pseudometric on the parameter space. This pseu-
dometric may assign distance zero to a pair of distinct parameters, but only
if the two actions are found to be indiﬀerent at both parameters.
Second, because the set of actions is countable, the above pseudomet-
rics combine to form a new pseudometric. This too is continuous on the
parameter space. The latter assigns distance zero to a pair of parameters
only if preferences coincide. (In Dekel et al. [3, p.287] construct a similar
pseudometric on players’ type space in Bayesian games.)
Third, although our pseudometric will not typically be a metric, the fact
that it is constructed using preferences allows us to induce a quotient space
such that pairs of points are only identified if preferences coincide. On this
quotient space, our pseudometric is a metric, so that theorem 1 applies. Fi-
nally, the fact that the pseudometric is continuous and generated by prefer-
ences allows us to extend the representation to the original parameter space.
Section 2 introduces the relevant topological notions for the parameter
space and introduce the axioms on preferences. Section 2 concludes with
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minor results that relate the axioms. Section 3 presents our main theorems
for parametrically continuous utility representations where actions need not
form a topological space. In section 4, we consider a discrete action space and
derive representations that are jointly continuous on actions ˆ parameters.
With a remark on obstacles to representing preferences on uncountable action
sets with normal parameter spaces and the appendix of proofs, we conclude.
2. Parameters, preferences and axioms
Recall that a set X becomes a topological space provided it is endowed
with collection τ of subsets such that G P τ is open (in X). τ is closed under
arbitrary unions and finite intersections. As usual, reference to τ is typically
suppressed. The coarsest or weakest possible topology is the trivial topology,
where the only open sets are X and the empty set H. At the other extreme,
X is discrete if its topology is such that every subset of X is open.
2.1. The parameter space
Let Θ denote a nonempty topological space of parameters. A basic topo-
logical requirement that we take for granted (unless stated otherwise) is that
every singleton tθu is the (closed) complement of an open set in Θ. This is
the T1 separation axiom in topology. In the present section, we appeal to
the stronger, Hausdorﬀ, assumption: if θ ‰ θ1, then there exist disjoint open
neighbourhoods N and N 1 of θ and θ1 respectively.
In section 3, we will require that Θ is also normal : if F and F 1 are
disjoint closed subsets of Θ, then there exist disjoint open neighbourhoods G
and G1 of F and F 1 respectively. It is a well-known fact that every compact
Hausdorﬀ space is Θ normal. The final separation axiom that we consider is
the following: Θ is perfect if every closed subset of Θ is the intersection of a
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countable collection of open sets. When a space is both perfect and normal
it is perfectly normal. Two further characterisations of perfect normality,
which appear in section 3, demonstrate that perfect normality is intimately
related to supply of continuous real-valued functions.
Every metrizable space is perfectly normal. Interesting mathematical ex-
amples that are nonmetrizable and perfectly normal include the split interval
(see Johnson [9]) and the long line (see Steen & Seebach [18]). However, such
examples are uncommon in economics. In contrast, there is a rich supply of
spaces that are nonmetrizable, normal and useful to economists. First, note
that every ordered space, where the topology is generated by the open inter-
vals of a linear order, is normal. Second, every compact Hausdorﬀ space is
normal. Then, since every product of compact Hausdorﬀ spaces is compact
Hausdorﬀ, many useful spaces that are nonmetrizable are normal. Third,
the weak˚ topology on a set of probability measures is often normal and
nonmetrizable. The following example shows that this is the case for the
parameter space that Gilboa & Schmeidler [6] adopt to index preferences.
Example 2. Let Σ denote an algebra of subsets of S and let BpΣq be the
set of bounded Σ-measurable real-valued functions on S (with the uniform
or sup norm). Via the Riesz representation theorem, each continuous lin-
ear functional on BpΣq is of the form ş
S
¨ dµ for some bounded and finitely
additive measure µ : Σ Ñ R. The latter space of measures is commonly de-
noted as bapΣq. The weak˚ topology on bapΣq is the coarsest topology such
that the map µ ÞÑ ş
S
f dµ is continuous on bapΣq for every f P BpΣq. The
set ∆ of finitely additive probability measures on Σ coincides with the set␣
µ :
ş
S
1 dµ “ 1(. Since t1u is closed in R and µ ÞÑ ş
S
1 dµ is continuous, ∆
is weak˚-closed in bapΣq. Then, since every closed subset of a compact set
is compact, ∆ is weak˚-compact by the Banach Alaoglu theorem: the closed
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unit ball of bapΣq is weak˚-compact. Finally, by the Hahn-Banach theorem,
∆ is also Hausdorﬀ. Thus, with the weak˚ topology, ∆ is a normal space.
In contrast, Stone’s theorem (Stone [19, Theorem 4]) tells us that the
product of uncountably many metrizable spaces fails to be normal unless all
but countably many factors are compact. Thus, when I is the unit interval,
RI fails to be normal. Whilst this shows that our restriction to normal spaces
is substantial, in many settings this may be addressed by considering the one-
point compactification of each factor. For instance see [20, Ch.16] this step
is taken in deriving the measure of a standard Brownian motion.
2.2. Ordering of actions given the parameter
Let A denote a nonempty and countable set of actions or alternatives. In
the absence of contrary statements, no external topology on A is imposed.
The primitive data regarding the decision maker’s preferences comes in
the form of statements such as “at θ, action b is strictly preferred to action a".
Preferences at θ are summarised by a subset ăθ of A2 “ AˆA. Preferences
are defined to be a family tăΘu def“ tăθ : θ P Θu of binary relations on A.
Equivalently, the map θ ÞÑăθ is a correspondence on Θ with values in A2.
When strict preference is primitive, the following condition is standard.
Axiom O. Preferences satisfy asymmetry and negative transitivity of ăθ
for every θ P Θ. That is, respectively,
O1 For every a, b P A, the set tθ : a ăθ b and b ăθ au is empty.
O2 For every a, b, c P A and θ P Θ, if a ăθ b then a ăθ c or c ăθ b.
O ensures ăθ is an ordering of A (alternative terms include asymmetric
weak ordering [4, 5] and strict weak ordering). For a and b that ăθ finds
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incomparable (neither a ăθ b nor b ăθ a) we write a „θ b. O2 ensures that
t„Θu is a collection of indiﬀerence (transitive incomparability) relations on
A. Recall that „θ is transitive provided that a „θ b and b „θ c together
imply a „θ c for every pa, b, cq P A3. Finally, weak preference Àθ is then the
union of ăθ and „θ. By construction, Àθ is complete: for every pa, bq P A2,
a Àθ b holds or b Àθ a holds. By O, Àθ is also transitive at each θ.
2.3. Perfect pairwise stability of strict preference
The following closed graph axiom provides the traditional route to para-
metric continuity from preferences. With the understanding that A is also
a topological space and that Θ ˆ A2 is endowed with the product topology,
the following formulation is due to Hildenbrand [8].
Axiom CG. The set tpθ, a, bq : a Àθ bu is closed in Θˆ A2.
In contrast the axioms that we now present do not require that A is a
topological space. We say that strict preference is pairwise stable at θ pro-
vided, for every a, b P A such that a ăθ b, there exists an open neighbourhood
N of θ in Θ such that a ăη b for every η in N . Since any union of open sets
is open, the following axiom captures pairwise stability of strict preference.
Axiom PS. For every a, b P A, the set tθ : a ăθ bu is open in Θ.
To our knowledge, PS first appears in the literature on decision theory
in Gilboa & Schmeidler [6]. Below, in the proof of remark 3, we confirm that
when Θ is perfect, the next axiom is equivalent to PS. On the other hand,
when Θ is not perfect, preferences may satisfy PS and yet fail to be what
we call perfectly pairwise stable.
Axiom PS˚. For every a, b P A, tθ : a ăθ bu is open in Θ and equal to the
union of a countable collection of sets that are closed in Θ.
9
When preferences satisfy PS˚, there exists a countable collection tFnu of
closed subsets of tθ : a ăθ bu, such that, for each η P tθ : a ăθ bu, there exists
m P N such that η P Fm. For instance, if Θ were levels of wealth, Fm would
be a finite union of closed intervals in R. To our knowledge, PS˚ is novel
and, as we will show, it is the key axiom to parametric continuity when the
parameter space is normal, but not perfectly so.
2.4. Relating the axioms
In the present subsection, in order to compare CG with PS and PS˚,
we assume that A is a topological space. This allows us to speak of conti-
nuity properties of the correspondence θ ÞÑăθ. First, recall that it is lower
hemicontinuous if tθ :ăθ XB ‰ Hu is open for every open B Ď A2.
Remark 1 (proof on page 17). If preferences satisfy PS, then θ ÞÑăθ is
lower hemicontinuous. When A is discrete, the converse is also true.
Even when O holds, PS does not imply that the weak preference corre-
spondence θ ÞÑ Àθ is upper hemicontinuous : tθ : Àθ XF ‰ Hu is closed for
every closed F Ď A2. Indeed, let F be any closed, infinite subset of A2, then
although O and PS together ensure the set tθ : a Àθ bu is closed, the union
over the pairs aˆ b P F , need not be closed. On the other hand, we have
Remark 2 (proof on page 17). Let A be discrete, let Θ be Hausdorﬀ and let
preferences satisfy O1. Then PS holds if and only if CG holds.
Experiments in the field and the laboratory frequently deal with discrete
action sets. As such, remarks 2 and 3 provide a simple way to evaluate the
hypothesis that weak preferences define a closed correspondence.
Remark 3 (proof on page 18). Let A be discrete, let Θ be perfectly normal
and let preferences satisfy O1. Then PS, PS˚ and CG are equivalent.
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3. Parametric continuity of utility
The present section is purely about parametric continuity of utility. Thus,
no topology (discrete or otherwise) is required of A. Our main goal is the-
orem 2, where we obtain a parametrically continuous utility representation
for the case where Θ is normal and preferences satisfy PS˚.
Recall that a utility representation of ăθ is a function Up¨, θq : A Ñ R
such that, for every a, b P A, a ăθ b if and only if Upa, θq ă Upb, θq. A
(utility) representation of preferences is a function U : AˆΘÑ R such that
Up¨, θq is a utility representation of ăθ for every θ P Θ. The representation
U is parametrically continuous if Upa, ¨q is continuous on Θ for every a P A.
3.1. Perfectly normal parameter spaces
Our first theorem takes us beyond (sub)metrizable parameter spaces whilst
maintaining the standard continuity axiom PS.
Theorem 1. Let A be countable and let Θ be perfectly normal. Preferences
have a parametrically continuous representation if and only if both O and
PS hold.
Proof of theorem 1. The proof that the axioms are necessary is pro-
vided in the proof of theorem 2. The proof that the axioms are suﬃcient
for a parametrically continuous representation proceeds by induction on A.
Since the initial case (step 1) is useful for the discussion that follows we
present it in the main text. In the appendix, the inductive case appeals to
Michael’s selection theorem (a characterisation of perfectly normal spaces).
Step 1. Let A “ ta, bu. By O1 and PS, F “ tθ : a „θ bu is closed in Θ.
Since Θ is perfect, there exists tGn : n P Nu of open sets satisfying Ş81 Gn “
F . For each n, note that F and Θ ´ Gn are disjoint and the latter is also
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closed. Since Θ is normal, the Urysohn lemma guarantees the existence of a
continuous, real-valued function on Θ such that fnpθq “ 0 on F , fnpθq “ 1
on Θ´Gn, and 0 ď fnpθq ď 1 otherwise.
Let f “ ř81 2´nfn and note that f : Θ Ñ r0, 1s is the continuous and
uniform limit of the partial sums
řm
1 2
´nfn. Moreover, since every θ P Θ´F
belongs to some Θ ´ Gn, fpθq “ 0 if and only if a „θ b. Let Upa, ¨q be the
zero function on Θ. We obtain a utility function for each ăθ by taking
Upb, θq def“
$&% fpθq if a ăθ b,´fpθq otherwise.
To complete the proof of step 1, it remains to confirm that Upb, ¨q is contin-
uous. This follows almost immediately from continuity of f . In particular,
suppose that θ satisfies a ăθ b so that Upb, θq “ fpθq. Then PS ensures the
existence of an open neighbourhood Nθ such that a ăη b for every η P Nθ.
Then Upb, ¨q “ fp¨q on Nθ. This confirms that Upb, ¨q is continuous on Nθ.
By a similar argument, the fact that ´f is continuous allows us to conclude
that Upb, ¨q is continuous at every θ such that b ăθ a. Finally, for θ such that
a „θ b, note that fpθq “ ´fpθq. For any directed set D, let tθν : ν P Du be
a net that converges to θ. Then Upb, θνq converges to Upb, θq since f and ´f
are continuous and have the same limit. By O, this accounts for every θ P Θ.
The proof of theorem 1 continues on page 18.
Step 1 in the proof of theorem 1 yields the “only if” part of the following
alternative definition for a perfectly normal space. (For the converse, note
that if f : X Ñ R is a continuous function, then Gn “ tx : |fpxq| ă 1{nu is
an open neighbourhood of F “ f´1p0q for each n P N and Ş81 Gn “ F .)
Definition 1. X is perfectly normal if and only if every closed subset F of
X is a zero set. That is, for some continuous f : X Ñ R, f´1p0q “ F .
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By definition 1, every space that is not perfectly normal, contains a closed
subset F that is not a zero set. If this is the case, then there exist preferences
with the property tθ : a „θ bu “ F for some a, b P A. Since such preferences
are feasible whenever Θ fails to be perfectly normal, we have
Proposition 1 (proof on page 20). If Θ is not perfectly normal, then there
are preferences with no parametrically continuous representation that satisfy
both O and PS.
3.2. Extension to normal parameter spaces
In the following theorem, we drop the requirement that Θ is perfect and
instead assume that preferences are perfectly pairwise stable.
Theorem 2. Let A be countable and let Θ be normal. Preferences have a
parametrically continuous representation if and only if both O and PS˚ hold.
Proof of theorem 2. The proof that O is necessary when A is countable
and Θ is a singleton follows from classical results [1]. The more general case
follows by applying the same argument pointwise. The proof that PS˚ (and
a fortiori PS) is necessary for a parametrically continuous representation is
as follows. Let U be a parametrically continuous utility representation. Fix
a, b P A and let f :“ Upa, ¨q´Upb, ¨q. Note that f is continuous by continuity
of Upa, ¨q and Upb, ¨q. Then for each n P N, Gn :“ tθ : fpθq ď 1{nu is a closed
subset of
G :“ tθ : a ăθ bu “ tθ : fpθq ă 0u .
The fact that f is continuous also ensures that tθ : fpθq ă 0u is open. Finally,
the proof that PS˚ is necessary follows from the fact that Ť81 Gn “ G.
In the remainder of this proof, we show that O and PS˚ are suﬃcient for
a parametrically continuous representation. In lemma 1 of subsection 3.3, we
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show that PS˚, allows us to construct a pseudometric p on Θ. Like a metric,
the pseudometric p : Θ2 Ñ R is continuous, nonnegative, symmetric and
satisfies the triangle inequality. In contrast with a metric, the pseudometric
p may satisfy ppζ, ηq “ 0 for ζ ‰ η. Such pairs are incomparable under p and
the collection of such pairs forms a binary relation ’ on Θ.
Lemma 1 shows that ’ is an equivalence relation. This ensures that ’
partitions Θ and that we may pass to the quotient space Θp
def“ Θ{’. (This
space identifies points that are incomparable under p.) This identification
ensures that, with the open sets generated by p, Θp is a T1 space. In fact, Θp
is perfectly normal because every pseudometrizable T1 space is metrizable.
By lemma 1, ζ ’ η implies that ăζ equals ăη. Theorem 1 then ensures
the existence of a parametrically continuous representation Up : AˆΘp Ñ R.
Finally, we extend Up fromΘp toΘ as follows. For each a P A, let fp : ΘÑ Θp
be the projection from θ P Θ to its equivalence class in Θp. Then, for each
a P A, let ga :“ Uppa, ¨q and take Upa, ¨q :“ ga ˝ fp. Then U : A ˆ Θ Ñ R
is constant on each equivalence class of ’, and parametric continuity of U
follows from continuity of p. (Each equivalence class of ’ is closed in Θ.)
3.3. Pseudometrics for nonmetrizable spaces
Whilst this subsection is essential to the proof of theorem 2, it is also
motivated by the needs of standard tools in the analysis of policy and in
particular the envelope theorems of Milgrom & Segal [17] which require that
Θ is a metric space and impose no topological structure on A. When Θ is
nonmetrizable, we may use preferences to generate a pseudometric and work
on the quotient space that we described in the proof of theorem 2.
Lemma 1 (proof on page 21). Let A be countable and let Θ be normal. If
O and PS˚ hold, then there exists a continuous pseudometric p : Θ2 Ñ R`
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such that, for every ζ, η P Θ, ppζ, ηq “ 0 implies that ăζ equals ăη.
4. Extensions to joint continuity
In subsection 2.4 we noted that similar results in the literature assume
the closed graph axiom CG. Moreover, recall that this axiom requires that A
is a topological space and that AˆΘ is endowed with the product topology.
Thus, the first and most basic diﬀerence between the results of section 3 and
related results in the literature on joint continuity (Hildenbrand [8], Mas-
Colell [13], Levin [12], Caterino et al. [2]) is that we do not require that A or
AˆΘ are topological spaces.
Of course, in the case where A is a topological space, much more can
be said. Recall from remark 3 that PS, PS˚ and CG are equivalent when
the following three conditions hold: A is a discrete topological space; Θ is
perfectly normal; and O holds. It stands to reason that when these three
conditions hold, we can strengthen the conclusions of theorem 1 and obtain
a continuous representation U : A ˆ Θ Ñ R. In the literature, a continuous
representation is said to be jointly continuous.
Corollary 1 (proof on page 21). Let A be countable and discrete and let Θ
be perfectly normal. Preferences have a (jointly) continuous representation
if and only if both O and PS hold.
An example of a countable set A that is not discrete is the set of rational
numbers considered as subspace of R. Corollary 1 does not hold for such
sets. An alternative proof of corollary 1 ought to be possible via the following
conjecture to extend the main theorem of Levin [12]. This is because every
countable topological space is second countable (has a countable basis). Also,
when A is discrete it is also locally compact : each point in A has a compact
neighbourhood. Finally, Levin takes Θ to be metrizable.
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Conjecture 1. Let A be second countable and locally compact and let Θ be
perfectly normal. Preferences have a continuous representation if and only if
both O and CG hold.
The grounds for conjecture 1 are the following. At the bottom of p.717,
Levin [12] only uses the fact that metrizable spaces are perfectly normal.
Moreover, when A is second countable and Θ is perfectly normal, then AˆΘ
is perfectly normal (Tkachuk [21, p.249]). In turn, Θ ˆ A2 is also perfectly
normal, so that the set tpθ, a, bq : a Àθ bu is a zero set. A complete proof
would need to verify that the remaining arguments of Levin [12] carry over
to the setting where AˆΘ is perfectly normal. (The fact that CG is necessary
for joint continuity by a simple proof by contradiction.)
It may be possible to extend Levin’s theorem to allow for A ˆ Θ that is
not perfectly normal without strengthening CG. However, by the following
proposition, the best one can hope for is a separately continuous representa-
tion (Upa, ¨q is continuous for each a and Up¨, θq is continuous for each θ). For
the jointly continuous case, this negative result is analogous to proposition 1.
Proposition 2 (proof on page 22). If A ˆ Θ is not perfectly normal, then
there are preferences with no continuous representation that satisfy both O
and CG.
When Θ is normal, but not perfect, the product A ˆ Θ is not perfectly
normal. Yet, provided A is countable and discrete and preferences satisfy
PS˚, theorem 2 and the same proof as that of corollary 1 yield
Corollary 2. Let A be countable and discrete and let Θ be normal. Prefer-
ences have a continuous representation if and only if both O and PS˚ hold.
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5. A final remark
Proposition 2 implies that an extension of corollary 2 to uncountable sets
of actions requires a strengthening of CG along the lines of “preferences have a
perfectly closed graph”. In our proof, the fact that the set of actions is count-
able is essential. For instance, the uncountable collection of pseudometrics
does not combine to form a single pseudometric (see Kelley [10, Theorem 13]
and the surrounding discussion on uniform spaces). This extension appears
to be an interesting question that is open to future research.
A. Proofs
Proof of remark 1 of page 10. The map θ ÞÑăθ defines a correspon-
dence on Θ with values in the power set of A ˆ A. This is l.h.c. provided
that, for every open G Ď A ˆ A, the set tθ :ăθ XG ‰ Hu is open. This
latter set is just the union of tθ : a ăθ bu such that a ˆ b P G. Thus, PS
implies l.h.c. of θ ÞÑăθ.
When A is discrete, every B Ď AˆA is both open and closed. If θ ÞÑăθ
is l.h.c., take B “ ta ˆ bu. Then tθ :ăθ X B ‰ Hu is open and equal to
tθ : a ăθ bu. Thus, when A is discrete the converse holds, as required.
Proof of remark 2 of page 10. Suppose PS holds. Let D be a di-
rected set and let ην ˆ aν ˆ bν Ñ η ˆ a ˆ b be a net such that aν Àην b
for each ν P D. Then there exists µ P D such that for every ν ě µ,
ην ˆ aν ˆ bν “ ην ˆ a ˆ b. Now suppose that b ăη a, so that the graph
of θ ÞÑ Àθ is not closed. Then by PS, there exists a neighbourhood N of θ
such that a ăθ b for every θ P N . But since the net converges to η ˆ a ˆ b,
there exists m1 such that ην P N for every ν ě µ1. But then for every
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ν ě maxtµ, µ1u, we have both a Àην b (because ην ˆ a ˆ b belongs to the
graph of ÀΘ) and b ăην a (because ην P N): a contradiction of O1.
Now suppose that the graph of θ ÞÑ Àθ is closed. Then for fixed a, b P A,
the set tpθ, a, bq : a Àθ bu is closed. By O1, this is equivalent to PS.
Proof of remark 3 of page 10. When Θ is perfect, every closed set is
the intersection of a countable collection of open sets. Equivalently, every
open set is the countable union of closed sets. Fix a, b P A and let G “
tθ : a ăθ bu. Since Θ is perfect, G “ Ťn Fn where F1, F2, . . . is a collection
of closed sets. Thus, PS implies PS˚ whenever Θ is perfect. Clearly, the
converse holds regardless of the topology on Θ. The proof follows by remark 2
and the fact that every normal T1 space is Hausdorﬀ.
Remaining steps in the proof of theorem 1 of page 11.
Step 2 (Inductive step). Let t1, 2, 3 . . . u be an arbitrary enumeration
of A, and let rjs Ď A denote the first j elements of the enumeration. Fix
j P A. By the induction hypothesis, there exists a parametrically continuous
(utility) representation U j´1 : rj ´ 1s ˆ Θ Ñ r´1, 1s. For each a P rj ´ 1s
take U jpa, ¨q def“ U j´1pa, ¨q. It remains to show that we can find an extension
of U j to rjs that is a parametrically continuous representation.
The required function U jpj, ¨q will coincide with f in the following version
of Michael’s selection theorem [16, Theorem 3.1” ’].
Theorem (Good & Stares [7]). Θ is perfectly normal if and only if, whenever
g, h : Θ Ñ R are respectively upper and lower semi-continuous functions
and g ď h, there is a continuous f : Θ Ñ R such that g ď f ď h and
gpθq ă fpθq ă hpθq whenever gpθq ă hpθq .
In our setting, g and h will be envelope functions. To ensure they are
well-defined, we introduce two fictional actions a and a. These satisfy the
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property: a Àθ k Àθ a for all pk, θq P rjs ˆ Θ. Accordingly, we define
rj ´ 1s1 “ rj ´ 1s Y ta, au, and let U jpa, ¨q ” ´1 and U jpa, ¨q ” `1. Both
are clearly continuous functions on Θ. Moreover, for all θ P Θ, the following
functions are well-defined.
gpθq def“max ␣U jpk, θq : k Àθ j and k P rj ´ 1s1( ,
hpθq def“min ␣U jpk, θq : j Àθ k and k P rj ´ 1s1( .
In the three claims that follow, we prove that g and h satisfy the conditions
for Michael’s selection theorem. In particular g ď h; gpθq ă hpθq whenever
j ȷθ k for every k P rj ´ 1s1; g is upper semicontinuous and h is lower
semicontinuous. The inductive step is then completed by letting U jpj, ¨q “ f ,
where f satisfies the conditions of Michael’s selection theorem. Then U j is a
parametrically continuous representation with values in r´1, 1s.
Claim 1. For all θ P Θ, gpθq ď hpθq .
Proof of claim 1. Fix θ. By construction, there exist k, l P rj´1s1 satisfy-
ing gpθq “ U jpk, θq and hpθq “ U jpl, θq. By definition, k Àθ j and j Àθ l. By
O2, k Àθ l and the inductive hypothesis then ensures that gpθq ď hpθq.
Claim 2. For all θ P Θ : gpθq “ hpθq iﬀ k „θ j for some k P rj ´ 1s.
Proof of claim 2. If gpθq “ hpθq, then, by construction, there is some
k P rj ´ 1s1 X tl : l Àθ ju X tl : j Àθ lu. By O1, for every such k, k „θ j.
Conversely, if k „θ j, then both k Àθ j and j Àθ k.
Claim 3. g : ΘÑ R is upper semicontinuous.
A symmetric argument to the one that follows, but with inequalities and
direction of weak preference reversed, shows that h is lower semicontinuous.
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Proof of claim 3. Recall (or see [10, p.101]) that g is upper semicontin-
uous provided the set tθ : r ď gpθqu is closed for each r P R. Note that by
the construction of g,
tθ : r ď gpθqu “
ď
kPrj´1s1
`tθ : r ď U jpk, θqu X tθ : k Àθ ju˘ .
Recall that the finite union of closed sets is closed. Moreover, since U jpk, ¨q
is continuous, tθ : r ď U jpk, θqu is closed (preimage of a closed set is closed);
and tθ : k Àθ ju is closed by O1 and PS.
Step 3 (The countably infinite case). The above argument holds for
each j in N.1 For countably infinite A, we choose U : AˆΘÑ R such that
its graph satisfies grU “ ŤjPN grU j. Since Michael’s selection theorem is
used at each j, for this step we appeal to the axiom of dependent choice.
Alternatively, following [11, p.23], let Upj, ¨q “ U jpj, ¨q for each j P N, and
again appeal to the axiom of (dependent) choice.
This completes the proof of theorem 1.
Proof of proposition 1 of page 13. Let A “ ta, bu and suppose that
F “ tθ : a „θ bu for some closed set F that is not a zero set. Such an F exists
whenever Θ fails to be perfectly normal. Since preferences satisfy O1 and
there are only two actions, there exists a representation of preferences. Take
U : AˆΘÑ R to be any such representation and define f : ΘÑ R to be the
map θ ÞÑ Upa, θq´Upb, θq. Since U is a representation, fpθq “ 0 if and only if
θ P F . Thus f´1p0q “ F and, since F is not a zero set, f “ Upa, ¨q´Upb, ¨q is
discontinuous. By the algebra of continuous functions, at least one of Upa, ¨q
and Upb, ¨q is discontinuous.
1I thank Atsushi Kajii for bringing this subtle issue to my attention.
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Proof of lemma 1 of page 14. For any given a, b P A, the set Fab “
tθ : a „θ bu is closed by PS˚. Moreover, O1 and PS˚ ensure the existence
of a countable and decreasing sequence of open sets with intersection equal
to Fab. Since Θ is normal, the argument of step 1 of theorem 1 ensures the
existence of a continuous function fab : Θ Ñ r´1, 1s such that f´1ab p0q “ Fab
and 0 ă fabpθq if and only if a ăθ b. Let pabpζ, ηq def“ |fabpζq ´ fabpηq| for each
ζ, η P Θ.
Clearly pab : Θ2 Ñ R inherits positivity, symmetry and the triangle in-
equality from |¨| on R. Moreover, pabpζ, ηq “ 0 implies [a ăζ b if and only
if a ăη b]. (The latter holds because whenever b Àζ a and a ăη b, we have
fabpζq ď 0 ă fabpηq, so that pabpζ, ηq ‰ 0.)
The above argument generates a collection of continuous pseudometrics
Π
def“ tpab : a, b P Au on Θ. Crucially for the next step, A is countable: the
collection of pseudometrics is then countable; only countable intersections
of perfect sets are countable. For an arbitrary enumeration tp1, p2, . . . u of
Π, take p def“ ř81 2´npn. Clearly, if ppζ, ηq “ 0, then pabpζ, ηq “ 0 for every
a, b P A. By the preceding paragraph therefore, it only remains to check that
p is indeed a continuous pseudometric. Since each pn is nonnegative and
symmetric with values in r0, 2s, so is p. Moreover, for each m, the partial
sum
řm
1 2
´npnpθ, ηq satisfies the triangle inequality by induction: the sum
of two pseudometrics preserves this inequality. The sandwich or squeeze
lemma for sequences then ensures ppθ, ηq also satisfies the triangle inequality.
Continuity follows by uniform convergence of the continuous partial sums to
p. This completes the proof of the lemma.
Proof of corollary 1 from page 15. Necessity of the axioms for a con-
tinuous representation U : A ˆ Θ Ñ R follows theorem 1 and the fact that
joint continuity U is stronger than parametric continuity of U .
21
The fact that the axioms are suﬃcient for U jointly continuous is as
follows. Fix pa, θq P A ˆ Θ and, for some directed set D, consider an ar-
bitrary net E “ ppaν , θνqqνPD in A ˆ Θ with limit pa, θq. We show that
Upaν , θνq Ñ Upa, θq. Recall that pa, θq is the limit of E if and only if, for
every neighborhood N of pa, θq, there exists µ P D such that for every ν ě µ,
paν , θνq P N . Since A is discrete, tau is open and for some open neighbour-
hood Nθ of θ in Θ, the set tauˆNθ is an (open) neighborhood of pa, θq in the
product topology on AˆΘ. Thus, there exists µ such that for every ν ě µ,
Upaν , θνq “ Upa, θνq. Finally, theorem 1 ensures that Upa, θνq Ñ Upa, θq.
Proof of proposition 2 of page 16. By assumption, there exists a closed,
nonzero subset F of AˆΘ. Let tpa, θq : a „θ bu “ F and let preferences sat-
isfy O and CG on A´tbu. Then every representation has Upa, θq´Upb, θq “ 0
for every pa, θq P F . Let U 1 be the following transformation of U . For every
a P A, U 1pa, ¨q “ Upa, ¨q ´ Upb, ¨q. Then U 1 : AˆΘÑ R satisfies U 1pF q “ 0.
That is, pa, θq P F implies U 1pa, θq “ 0. Let b ăθ a for every pa, θq in the
open set pAˆΘq ´ F . Since F is closed and b Àθ a for every pa, θq P AˆΘ,
preferences satisfy O and CG on all of A. Since U 1pb, ¨q is identically equal to
zero, 0 ă U 1pa, θq for every pa, θq R F . Since F “ pU 1q´1p0q is not a zero set,
U 1 is discontinuous on AˆΘ.
For an explicit example consider the Sorgenfrey line L. This is the unit
interval I where the basic open sets are half-open intervals rr, sq such that
r ă s in I. L is a well-known example of a perfectly normal, separable space
that is not second countable and such that the Sorgenfrey plane L2 is not
normal. Take A to be the discrete union of L and tbu for some b R L and
take Θ “ L. Finally, take F to be the anti-diagonal of L2 and let tăΘu be
such that for each ´r P Θ, r is the worst element in A ´ tbu; ă´r assigns
higher order to elements that are further from r according to the standard
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metric on R; and, moreover, for each feasible ϵ ą 0, ´ϵ`r „´r ϵ`r. Finally,
for every rational number q P L, let b „´q q; and for every irrational number
s P L, suppose that b ă´s s.
Clearly tăΘu satisfies O. To check CG, suppose otherwise that aν „θν b
for every ν and paν , θνq Ñ pa, ηq such that b ăη a. Then by construction, each
θν is a rational number and aν “ ´θν . Moreover, since aν Ñ a and θν Ñ η,
we have a “ ´η. Since the anti-diagonal of L2 is a discrete, there exists a
finite number µ such that paν , θνq “ pa, ηq for every ν ě µ, a contradiction
of the assumptions regarding the sequence.
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